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Abstract
The ground state properties of Mg isotopes are systematically investigated by the macroscopic–microscopic (MM) model with an isospin-
dependent spin–orbit potential. Special emphasis is placed on the deformation and the disappearance of the N = 20 magic number. The calculated
results provide a good description of the binding energies and the deformations. The calculation reproduces the large deformations for nuclei
around N = 20. The exotic properties around N = 20 are discussed, and their origin can be explained by the isospin-dependent spin–orbit force.
Shell correction plays an important role for the appearance of large deformations of Mg isotopes. Experimental B(E2) values are approximately
reproduced and the possible appearance of shape coexistence is discussed.
© 2006 Elsevier B.V.
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Open access under CC BY license. It is well known that N = 20 is a magic number for nuclei
near stable line. However, the observed irregular ground state
properties of 31Na and 32Mg [1–3] suggest that the N = 20
magic number can be broken for nuclei far from stable line
and indicate the existence of island of inversion. Since then, the
study of magic numbers for nuclei far from stability has been a
hot topic in nuclear physics. In past several years, many experi-
ments [4–10] were performed to study nuclei in the N ∼ 20 re-
gion. Intermediate energy Coulomb excitation experiment gave
the B(E2;0+1 → 2+1 ) = 454(78) e2 fm4 and confirmed the de-
formation of 32Mg [4]. This was the first experiment of mea-
suring B(E2) by high energy heavy ion radioactive beams and
it was finished at RIKEN by Motobayashi et al. [4]. Recent ex-
periments at GANIL [5], MSU [6], and RIKEN [7] also support
the large deformations of 30Mg, 32Mg and 34Mg. Very recently,
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Open access under CC BY license. 30Ne and 31Mg are also observed to have large deformations
and belonged to the island of inversion [8,9].
It is of great significance to investigate why there exist large
deformations for nuclei in the N ∼ 20 region. Non-relativistic
and relativistic mean-field models have been applied to this re-
gion [11–13]. However, it is very difficult to obtain the large de-
formations for nuclei around N = 20 in the mean-field models.
Very recently, some revised mean-field models and shell models
have been used in this region and some achievements have been
reached [14–21]. The mean-field calculation with monopole in-
teraction reproduced the disappearance of N = 20 shell closure
in Mg isotopes [16]. Caurier et al. discussed the shell struc-
ture around N = 20 and N = 28 [17]. Otsuka et al. and Utsuno
et al. calculated the nuclear properties in the vicinity of N = 20
[18,20] with the Monte Carlo shell model (MCSM) and pointed
out that the spin–isospin property of the effective nucleon–
nucleon interaction [19] leads to the exotic properties in N ∼ 20
region. Despite some achievements of these calculations, there
are still differences between theoretical models and experimen-
tal results especially in the description of deformations. Thus it
Q. Zhi, Z. Ren / Physics Letters B 638 (2006) 166–170 167is of great importance to find another complementary method to
give a consistent picture of the N ∼ 20 region. In this Letter, we
shall report the results of Mg isotopes within the macroscopic–
microscopic (MM) model with an isospin-dependent spin–orbit
potential. It is interesting to see whether the MM model with
the new spin–orbit potential works for the large deformations
of Mg nuclei around N = 20 and to investigate the origin of
the exotic properties in N ∼ 20 region within the framework of
MM model.
Since the MM model is a well-known model [22–27], here
we do not present the details and only give the main results.
The Nilsson–Strutinsky method [24,25] is used to calculate the
microscopic energy. Because we are mainly interested in the
ground state properties, we only include ε2 and ε4 deformations
and neglect the ε6 deformation and other multipole deforma-
tions. We include the pairing energy by using the average pair-
ing gap Δ = (7.2 − 44I 2)/A1/3 [28], where I = (N − Z)/A.
An axial deformation is assumed in our calculation. The macro-
scopic energy is obtained by using the liquid-drop model with
its original parameters [22]. For microscopic part, we use the
modified Nilsson potential to calculate the single-particle en-
ergy level. κ and μ are the coefficients of spin–orbit potential
and the
⇀
l 2 term in modified Nilsson potential, and there is a
standard set of parameters [26,27]. For light nuclei, the val-
ues of κ and μ for single-proton potential and single-neutron
potential are same according to the standard parameters [27].
However, it is found that the standard parameters cannot give a
good description for nuclei with large neutron excess. We con-
sider this is due to that these parameters are adjusted for the
properties of nuclei near stable line. Hence it is necessary to
modify κ and μ for nuclei far from stable line and to take into
account the effect of large neutron excess. It was usually con-
sidered that the values of κ and μ for protons and neutrons are
independent of each other. In fact, due to the proton–neutron in-
teraction, the spin–orbit force for proton and neutron should be
dependent on the neutron (or proton) excess. This means that
the spin–orbit potential should be isospin-dependent. This will
be very important for the properties of light nuclei with small
nucleon number where a large neutron (or proton) excess can
result in an obvious effect. For Mg isotopes around N = 20, the
sd shell plays a main role in the nuclear properties. Therefore,
in this Letter we include the isospin-dependence for the values
of κ and μ in sd shell. The parameters we use are:
kp = 0.105 ×
(
1 − 1.1 × |I |), μp = 0.0 × |I |,
(1)kn = 0.105 ×
(
1 + 1.1 × |I |), μn = 0.8 × |I |.
Here I = (N − Z)/A and it denotes the isospin-dependent
term. One can see that the values of κ and μ deduced from
Eq. (1) are close to the standard parameters for nuclei near
stable line [26,27]. But for nuclei near drip line, the new para-
meters are different from the standard ones. The inclusion of the
isospin-dependence in spin–orbit potential is consistent with
the spin–isospin-dependent effective nucleon–nucleon interac-
tion proposed by Otsuka et al. and Utsuno et al. [18–20]. It is
also consistent with the proton–neutron monopole interaction,Table 1
The binding energies, deformations and intrinsic quadrupole moment of Mg
isotopes. Experimental binding energies are taken from Ref. [29], # denotes
estimated values








20Mg 0.242 0.034 136.50 37.37 134.47
21Mg 0.301 0.021 151.23 149.20
22Mg 0.361 0.019 170.50 51.97 168.58 60 ± 11 [30]
23Mg 0.367 0.041 181.51 181.73
24Mg 0.374 0.069 197.20 54.58 198.26 65.9 ± 0.8 [30]
25Mg 0.373 0.07 203.76 205.59
26Mg 0.237 0.026 215.44 43.55 216.68 55.4 ± 1.2 [30]
27Mg 0.222 0.034 222.04 223.12
28Mg 0.231 0.048 232.88 44.63 231.63 59.2 ± 4.2 [30]
29Mg 0.198 0.033 235.52 235.30
30Mg 0.400 0.024 242.41 69.13 241.66 54.4 ± 2.4 [30]
31Mg 0.424 0.038 244.54 244.04
32Mg 0.460 0.066 250.54 78.94 249.85 62 ± 6 [30]
33Mg 0.400 0.039 252.25 252.07
34Mg 0.351 0.018 257.24 68.72 256.22
35Mg 0.311 0.006 258.64 256.96#
36Mg 0.273 −0.004 262.76 61.75 259.74#
37Mg 0.262 0.019 263.51 260.00#
38Mg 0.252 0.044 266.12 58.77 262.31#
39Mg 0.286 0.047 265.94 261.81#
40Mg 0.327 0.062 266.82 70.80 263.24#
which may be responsible for the reordering of single-particle
orbits [16,18,20].
We list the numerical results of Mg isotopes in Table 1.
The listed quantities include the calculated quadrupole de-
formation ε2, hexadecapole deformation ε4, binding energy
B(Cal.), intrinsic quadrupole moment Q0(Cal.), experimental
binding energy B(Exp.) and experimental quadrupole moment
Q0(Exp.). The experimental quadrupole moments are taken
from Ref. [30]. It is seen from Table 1 that the differences be-
tween calculated binding energies and experimental ones are
less than 2 MeV. For Mg isotopes with N > 24, the calculated
binding energies are slightly larger than the estimated values by
Audi et al. [29]. However they are still acceptable.
Fig. 1 shows the single-neutron separation energy (Sn)
and the two-neutron separation energy (S2n) of Mg isotopes.
Fig. 1(a) is the single-neutron separation energy (Sn) for all
nuclei in Mg isotopes. Fig. 1(b) is the two-neutron separation
energy (S2n) for even–even nuclei of Mg isotopes. It is clearly
seen that the calculated results are in good agreement with the
experimental data. Our calculations show that the last bound
nucleus in Mg isotopes is 38Mg or 40Mg. It agrees with shell
model calculations [17–19]. We would like to mention that
the calculations with new parameters also reproduce well the
ground state properties of neighboring nuclei (including 16O,
40Ca, and 48Ca). In view of the good agreement between the-
oretical results and experimental data, one can conclude that
the new parameters in Eq. (1) are reliable for Mg isotopes. In
the following, we focus on the anomalous deformations around
N = 20.
Now let us give a detailed discussion on the large deforma-
tions of Mg isotopes. In Table 1, one can find that the ground
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Fig. 2. Quadrupole deformations and intrinsic quadrupole moments for even–even nuclei in Mg isotopes. The experimental quadrupole moments are adopted values
taken from Ref. [30].
Table 2
The reduced transition probabilities B(E2;0+1 → 2+1 ) (in e2 fm4) of 30,32,34Mg. The calculated results of MM model (column 2) are compared with recent
experimental results (columns 3–5) and other theoretical results from shell models (columns 6–8) and from mean-field models (columns 9–10). Data taken from
Ref. [17] are for normal/intruder configurations
Cal. Exp. [5] Exp. [6] Exp. [7] The. [13] The. [14] The. [17] The. [16] The. [21]
B(E2) B(E2) B(E2) B(E2) B(E2) B(E2) B(E2) B(E2) B(E2)
30Mg 475 435 ± 58 295 ± 26 – 241 – 265/560 415 182
32Mg 620 622 ± 90 333 ± 70 449 ± 53 358 494 180/490 507 593
34Mg 470 – – 631 ± 126 312 – 375/655 404 549states of Mg isotopes are prolate deformed. It is well known
that there is large deformation for the ground state of 24Mg. Our
calculation reproduces the large deformation for 24Mg. It is in-
teresting to note that the nuclei around N = 20 also have large
deformations. 32Mg is prolate deformed with ε2 = 0.460 and it
is very close to the experimental data β = 0.512 ± 0.044 [4].
Recent experiment suggests that 31Mg is also prolate deformed
with β ≈ 0.44 [9]. The calculated result is ε2 = 0.424 and it
agrees well with the experimental data. This is the first time that
the large deformations of nuclei around N = 20 can be repro-
duced by the MM model. For 34Mg the calculated deformation
is ε2 = 0.351 (see Table 1) and the experimental deformationof 34Mg is β2 = 0.58 [7]. There is only a single experimental
result on this nucleus and the experimental error bar is large for
34Mg (see Table 2). We can say that the result of MM model in
this article can qualitatively give the large deformation of 34Mg
although there is a quantitative difference. Considering the very
large error bar for this nucleus, we consider that the theoretical
result for 34Mg is acceptable. It is seen from Table 1 and from
Fig. 2 that the nuclei with neutron number N = 18–22 in Mg
isotopes have abnormally large deformations and hence they
belong to the island of inversion. One can also see in Table 1
that 40Mg has a large deformation, which implies the ‘disap-
pearance’ of N = 28 magic number and it coincides with shell
Q. Zhi, Z. Ren / Physics Letters B 638 (2006) 166–170 169Fig. 3. The calculated B(E2;0+1 → 2+1 ) values for Mg isotopes around N = 20
are compared with recent experimental results. The references are: GANIL [5],
MSU [6], RIKEN [4,7]. The experimental B(E2) 454 ± 78 e2 fm4 for 32Mg is
taken from RIKEN [4]. The values of 24,26,28Mg are taken from Ref. [30].
model calculations [17,18]. In Fig. 2, we plot the deformations
and quadrupole moments for even–even nuclei of Mg isotopes.
It is seen that 32Mg has the largest deformation and quadrupole
moment, which indicate the disappearance of N = 20 magic
number. The calculated quadrupole moments of Mg isotopes re-
produce quite well the experimental trend. The variational trend
of quadrupole deformations of the Mg isotopic chain is consis-
tent with that of quadrupole moments.
B(E2;0+1 → 2+1 ) values can be calculated by B(E2)↑ =
5
16π |eQ0|2. The calculated results are compared with recent
experimental data and other theoretical results in Table 2 and
Fig. 3. We list the B(E2) values from MM model, shell mod-
els and mean-field models in Table 2. It is found in Table 2
that the calculated results are close to experimental results
and other theoretical results. The calculated B(E2) of 32Mg
is 620 e2 fm4. It is very close to recent experimental results
obtained at GANIL B(E2) = 622 ± 90 e2 fm4 [5]. Although
our result is slightly larger than the experimental results from
RIKEN and MSU, it is still close to the experimental result
449 ± 53 e2 fm4 from RIKEN [7] and to old experimental
results 454 ± 78 e2 fm4 from RIKEN [4]. The calculated re-
sult is very close to that of mean-field models with angular-
momentum projection method (AMP) B(E2) = 593 e2 fm4
[21] and with separable monopole nucleon–nucleon interac-
tion (SMO) B(E2) = 507 e2 fm4 [16]. Though some differences
exist, our result is also close to the prediction of MCSM cal-
culation B(E2)  470 e2 fm4 [18] and of intruder shell model
calculation B(E2) = 490 e2 fm4 [17]. Our calculated B(E2)
of 34Mg is 470 e2 fm4 and it is in the middle of two types
of shell model results: 375 e2 fm4 (normal configuration) and
655 e2 fm4 (intruder configuration) [17]. It is also in the mid-
dle of two types of mean-field results: 404 e2 fm4 (SMO) [16]
and 549 e2 fm4 (AMP) [21]. Our result is slightly smaller than
the experimental data 631 ± 126 e2 fm4 of 34Mg obtained at
RIKEN. However, one can see that the error bar of experimen-
tal data is large for 34Mg. If we take into account the error bar ofFig. 4. The variation of shell correction energies for 24,28,32,36Mg. The energies
are minimized with respect to ε4 at each configuration. It is seen that the mini-
mum of shell correction energy of 32Mg appears at ε2 ≈ 0.55, which indicates
the ground state of 32Mg has large deformation.
the experimental data, our result is very close to the lower limit
of the experimental results. It is also found from Table 2 that
the variational trend of calculated B(E2) of Mg nuclei around
N = 20 in MM model is consistent with two types of mean-
field calculations (SMO and AMP). Fig. 3 is the comparison
between our results and experimental data. One can see from
Fig. 3 that our results are close to the experimental values, es-
pecially for the one obtained at GANIL [5]. In fact, it is clearly
seen in Fig. 3 that there are several sets of experimental results
and the error bars of these data are large in N ∼ 20 region. In
general, MM calculation with isospin-dependent spin–orbit po-
tential has approximately reproduced the experimental B(E2)
for Mg nuclei around N = 20.
To analyze the microscopic origin of the large deformations
of Mg nuclei around N = 20, we plot the shell correction ener-
gies as a function of deformation parameter ε2 for 24,28,32,36Mg
in Fig. 4. In Fig. 4, one can see that the minimum of shell cor-
rection energies of 24Mg is located at ε2 ≈ 0.45, which account
for the experimental large deformation of 24Mg. For 32Mg, the
minimum of shell correction energies appears at ε2 ≈ 0.55. It
is well known that the liquid drop correction energies increase
rapidly with the increase of deformation. Because the large neg-
ative shell correction energy at large deformation compensates
the large liquid drop correction energy, it leads to the large de-
formation for the ground state of 32Mg. The second oblate mini-
mum in the shell correction energy curve of 32Mg indicates that
shape coexistence may occur in the ground state of 32Mg [18].
In our calculation the neutron N = 20 shell gap varies with the
proton number due to the isospin-dependent κ and μ values and
this is similar to the conclusions in Refs. [18–20]. The N = 20
shell gap disappears for 32Mg (Z = 12) due to large deforma-
tion, but it still exists for 40Ca (Z = 20). It should be noted that
our calculation can also give the spherical shape for 16O, 40Ca
and 48Ca and also get the second minimum [26] for 40Ca (i.e.,
the large deformation in the excited 0+ of 40Ca). In short, the
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correction and liquid drop correction at spherical shape and at
deformed shape in MM model. The enhanced shell correction
energy at prolate shape and the weak N = 20 shell correction
energy at spherical shape lead to the appearance of the large
deformations for nuclei around 32Mg and the disappearance of
N = 20 magic structure in Mg isotopes.
In conclusion, we present a systematic study on the ground
state properties of Mg isotopes by MM model with an isospin-
dependent potentials. The good agreement between theoretical
binding energy and experimental ones indicates the validity of
our calculation. The calculated results in MM model show that
there are large deformations for the ground state of Mg nuclei
around N = 20. The calculations reproduce the experimen-
tal large deformations. The calculated B(E2) values of nuclei
around N = 20 are compared with various experimental data
and with other theoretical results. Detailed discussions show
that the competition between shell correction and liquid drop
correction determines the ground state shape. Shell correction
plays an important role in the deformations of Mg isotopes.
The isospin-dependent spin–orbit force is the origin of the large
deformation for nuclei around N = 20 in MM model. Our cal-
culation shows that the magic numbers N = 20 and N = 28
disappear in Mg isotopes due to the large deformations. It is
also concluded that the last bound nucleus in Mg isotopes is
38Mg or 40Mg and that the nuclei 30,31,32,33,34Mg belong to the
island of inversion. This is the first MM study, which can ap-
proximately give the large deformations and the experimental
B(E2) values for Mg isotopes around N = 20. It will be inter-
esting to use the MM model of this article for other nuclei and
this is in progress.
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